ABSTRACT. For n ≥ 3, let M be an (n + r)-dimensional irreducible Hermitian symmetric space of compact type and let O M (1) be the ample generator of Pic(M). Let Y = H 1 ∩ · · · ∩ H r be a smooth complete intersection of dimension n where
It has been one of main problems in Kähler geometry to study which Fano manifolds with b 2 = 1 admit a Kähler-Einstein metric. The celebrated Yau-TianDonaldson conjecture asserts that a Fano manifold admits a Kähler-Einstein metric if and only if it is K-polystable. This conjecture has been solved recently (see [CDS14, CDS15, Tia15] and the references therein). A weaker and more algebraic question related to the existence of Kähler-Einstein metrics asks whether the tangent bundle is (semi-)stable with respect to the anti-canonical divisor. Let us recall the definition of stability. Let (Z, H) be an n-dimensional polarized projective
then E | Y is H| Y -(semi-)stable. Here ∆(E ) = 2pc 2 (E ) − (p − 1)c 2 1 (E ) is the discriminant of E .
In [BCM15] , an optimal effective theorem is established for tangent bundles of irreducible Hermitian symmetric spaces of compact type.
Theorem.[BCM15, Theorem A and B] For n ≥ 3, let M be an n-dimensional irreducible Hermitian symmetric space of compact type, and let Y be a smooth hypersurface of M. Then the restriction T M | Y is stable unless Y is a linear section and M is isomorphic to either P n or a smooth quadric hypersurface Q n .
In [BCM15] , this theorem was stated for the cotangent bundle Ω 1 M of M, which is equivalent to Theorem 1.7, since a vector bundle E is H-stable over a polarized projective manifold (Z, H) if and only if its dual bundle E * is H-stable.
As the second application of Theorem 1.3, we reduce the effective restriction problem of tangent bundles to the existence of certain twisted vector fields (cf. Proposition 5.3), and then we can derive the following result. In the case where Y is a general smooth hypersurface in P n+1 , using the strong Lefschetz property of the Milnor algebra of Y, we can prove an extension theorem for twisted vector fields on X (see Theorem 4.4), and an optimal answer to the effective restriction problem can be given in this setting. In each exceptional case, the tangent bundle of X will destabilize T Y | X , so our result above is sharp. The stability of restrictions of tangent bundles with an increase of Picard group was also considered in [BCM15] . According to Lefschetz's hyperplane theorem, the map Pic(Y) → Pic(X) is always surjective if n ≥ 4. In fact, Lefschetz proved an even more general version, the so-called Noether-Lefschetz theorem, in [Lef21] : a very general complete intersection surface X in P N contains only curves that are themselves complete intersections unless X is an intersection of two quadric threefolds in P 4 , or a quadric surface in P 3 , or a cubic surface in P 3 (see also [Gre88, Kim91] ). In these exceptional cases, the possibilities of the pair (Y, X) are as follows: (1) The manifold Y is the projective space P 3 and X is a quadric surface or a cubic surface. ( 2) The manifold Y ⊂ P 4 is a quadric threefold and X is a linear section or a quadric section. (3) The manifold Y ⊂ P 4 is a cubic threefold and X is a linear section of Y.
When Y is a quadric threefold or the projective space P 3 , according to [BCM15, Theorem B] , the restriction T Y | X is semi-stable with respect to −K X unless Y and X are both projective spaces; and T Y | X is stable with respect to −K X if X is not a linear section. In the following result, we address the stability of the restriction T Y | X in the case where Y is a cubic threefold and X is a linear section. This paper is organized as follows. In Section 2, we introduce the basic notions concerning Hermitian symmetric spaces and the Lefschetz properties of Artinian algebras. In Section 3, we collect the results about the cohomologies of (n − 1)-forms of Hermitian symmetric spaces and we introduce the notion of special cohomologies. In Section 4, we investigate the twisted vector fields over complete intersections in Hermitian symmetric spaces and we prove some extension results in various settings. In Section 5, we address the stability of tangent bundles of complete intersections in Hermitian symmetric spaces and study the effective restriction problem. In particular, we prove Theorem 1.3, Theorem 1.4, Theorem 1.8 and Theorem 1.9. In Section 6, we consider the case where the Picard number increases by restriction and prove Theorem 1.10. Acknowledgements. I would like to thank my thesis advisor Christophe Mourougane for bringing my attention to this problem, and also for his helpful discussions, suggestions and constant encouragements. It is a pleasure to thank Pierre-Emmanuel Chaput, Stéphane Druel, Wei-Guo Foo, Andreas Höring and Zhenjian Wang for useful discussion and helpful comments. This paper was written during my stay at Institut de Recherche Mathmatique de Rennes (IRMAR) and Laboratoire de Mathématiques J. A. Dieudonné (LJAD), and I would like to thank both institutions for their hospitality and their support. I want to thank the referee for suggesting the spectral sequence argument to simplify the proofs of Theorem 1.3 and Proposition 4.1, and to drop the genericity assumption in the previous version of this paper.
Convention. For an n-dimensional

HERMITIAN SYMMETRIC SPACES AND LEFSCHETZ PROPERTIES
In this section, we collect some basic materials about Hermitian symmetric spaces of compact type and the Lefschetz properties of Artinian algebras. We refer to [BH58] 
The proof of Theorem 1.9 relies on the nonexistence of certain twisted vector fields over X. To prove this, we reduce the problem to the nonexistence of certain twisted vector fields over Y by proving an extension result (cf. Theorem 4.4). The main ingredient of the proof of Theorem 4.4 is the SLP of the Milnor algebra M(Y) which is well-known to experts. Recall that the Fermat hypersurface of degree d in P n+1 is defined by the equation Proof. Thanks to Theorem 2.4, the Milnor algebra of the Fermat hypersurface of degree d in P n+1 has the SLP. Then we conclude by semi-continuity.
TWISTED (n − 1)-FORMS AND SPECIAL COHOMOLOGIES
In this section, we collect some vanishing results about the cohomologies of twisted (n − 1)-forms of n-dimensional irreducible Hermitian symmetric spaces of compact type. Moreover, we introduce the notion of special cohomologies and we prove that all irreducible Hermitian symmetric spaces of compact type have special cohomologies. This notion is very useful in studying the twisted vector fields over complete intersections in Hermitian symmetric spaces in the next section. We start with a result due to Snow. An n-tuple of integers a n = (a i ) 1≤i≤n is called an ℓ-admissible C n -sequence if |a i | = i and a i + a j = 2ℓ for all i ≤ j. Its weight is defined to be p(a n ) = ∑ a i >0 a i and its ℓ-cohomological degree is defined to be q(a n ) = #{ (i, j) | i ≤ j and a i + a j > 2ℓ }.
implies that there exists an ℓ-admissible C n -sequence such that its weight is p and its ℓ-cohomological degree is q.
Example. Denote by M the Lagrangian Grassmannian Sp(8)/U(4).
Then M is a 10-dimensional Fano manifold with index 5. Moreover, if ℓ is an integer such that 1 ≤ ℓ ≤ 4, then we have
M (ℓ)) = 0, by Proposition 3.2, there exists an ℓ-admissible C 4 -sequence a with ℓ-cohomological degree q and weight 9. This implies a = (−1, 2, 3, 4).
As 1 ≤ ℓ ≤ 4, one can easily see that a cannot be ℓ-admissible.
Before giving the statement in the general case, we recall the cohomologies of the twisted holomorphic p-forms of projective spaces and smooth quadric hypersurfaces.
Theorem.[Bot57]
Let n, p, q and ℓ be integers, with n positive and p and q nonnegative. Then
As a consequence, H q (P n , Ω n−1 P n (ℓ)) = 0 for some ℓ ∈ Z if and only if q = 0 and ℓ ≥ n, or q = n − 1 and ℓ = 0, or q = n and ℓ ≤ −2. (
In particular, if X is a smooth quadric hypersurface of dimension n, then H q (X, Ω n−1 X (ℓ)) = 0 for some ℓ ∈ Z if and only if q = 0 and ℓ ≥ n, or q = 1 and ℓ = n − 2, or q = n − 1 and ℓ = 0, or q = n and ℓ ≤ −2. The following general result is essentially proved in [Sno86] and [Sno88] . Proof. If n ≥ r M or n ≤ 3, then X is isomorphic to P n or Q n and we can conclude by Theorem 3.4 and Theorem 3. If ℓ ≤ −2, by Serre duality, we obtain that
Proposition. Let M be an n-dimensional irreducible
Recall that the cohomological degree of the sheaf
If ℓ = −1, by Serre duality again, we see that 
Here we remark that Gr(2, 4) is isomorphic to Q 4 . If M is of type C n and n = 4, we have
then M is isomorphic to the 10-dimensional homogeneous space Sp(8)/U(4), and we get
If M is of type D n and n ≤ 4, then M is isomorphic to either P n or Q n , which is impossible by our assumption.
As a direct application, we get the following result which is useful to describe the twisted vector fields over complete intersections. Moreover, one can easily derive the following result for smooth hypersurfaces in projective spaces by Bott's formula.
Lemma. For n
Proof. By Bott's formula (cf. Theorem 3.4) and the following exact sequence of sheaves
Then we can conclude by Kodaira's vanishing theorem.
We remark that our definition of special cohomologies is much weaker than that given in [PW95] . Proof. By Serre duality, it suffices to consider the group
Now it follows from Proposition 3.6.
EXTENSION OF TWISTED VECTOR FIELDS
This section is devoted to study global twisted vector fields over smooth complete intersections in an irreducible Hermitian symmetric space of compact type. The main aim is to show that the global twisted vector fields over complete intersections can be extended to be global twisted vector fields over the ambient space (cf. Theorem 4.2). 4.A. Twisted vector fields over complete intersections. Let (Z, O Z (1)) be a polarized manifold, and let Y ⊂ Z be a subvariety. Then we have a natural restriction map
for any t ∈ Z. The following proposition concerns on the surjectivity of ρ t and its proof was communicated to me by the anonymous referee.
is surjective.
Proof. Denote by E the vector bundle
Tensoring it with T Z (t), we obtain the following exact sequence
By definition, for any 1 ≤ j ≤ r, the vector bundle ∧ j E splits into a direct sum of line bundles as
) has special cohomologies and r = codim(Y) ≤ n − 2, by Serre duality, we have
= 0 by our assumption, by Serre duality again, we obtain
Then the second quadrant spectral sequence associated to the complex (4.1) (see [Laz04, Appendix B] ) implies that the natural restriction
As an immediate application, we derive the following theorem which will play a key role in the proof of Theorem 1.8. 
is surjective for any t ∈ Z.
Proof. If n + r ≥ 4, this follows from Corollary 3.7, Proposition 3.12 and Proposition 4.1. If n + r = 3, then Y is a hypersurface of degree d in M. Thanks to the following exact sequence
to prove the surjectivity of ρ t , it is enough to show that 
Proof. 
Then, it follows from the following exact sequence
4.B. Twisted vector fields over hypersurfaces in projective spaces. The global sections of T P n (t) can be expressed explicitly by homogeneous polynomials of degree t + 1. To see this, we consider the twisted Euler sequence
Using the fact H 1 (P n , O P n (t)) = 0, we see that the restriction map
is surjective, so a global section σ of T P n (t) is given by a vector field on the affine complex vector space C n+1
where f i 's are homogeneous polynomials of degree t + 1. Let Y ⊂ P n be a smooth hypersurface defined by a homogeneous polynomial h and let X be a submanifold of Y. Then the restriction σ| X is a global section of T Y (t)| X if and only if we have
Furthermore, we have σ| X ≡ 0 if and only if
Let Y be a general complete intersection in an N-dimensional irreducible Hermitian symmetric space M of compact type such that N ≥ 3, and let X ∈ |O Y (d)| be a general hypersurface of Y. By [Wah83] , H 0 (M, T M (t)) = 0 for some t < 0 if and only if M ∼ = P N and t = −1. According to Theorem 4.2 and Theorem 4.3, we get
for any t ≤ −2. In the following theorem, we generalize this result to show that if Y is a general hypersurface of P n+1 , then the natural restriction
is surjective for t ≤ t 0 large enough depending only on n and the degrees of X and Y. This theorem is a key ingredient of the proof of Theorem 1.9. 
is surjective, there exists a general homogeneous polynomial f of degree d such that
We denote by M(Y) and J(Y) the Milnor algebra and Jacobian ideal of Y, respectively. Since
and H 0 (P n+1 , T P n+1 (t)) = 0 for t ≤ −2, by Theorem 4.2, we may assume t ≥ −1.
be a global section. By Theorem 4.2, the section s is the restriction of some global section σ ∈ H 0 (P n+1 , T P n+1 (t)). Therefore there exist some polynomials f i of degree t + 1 such that
As a consequence, there exist two homogeneous polynomials g and p (maybe zero) such that
We claim that g is contained in the Jacobian ideal J(Y) of Y. In fact, by Euler's homogeneous function theorem, it follows
Thanks to Proposition 2.6, the Milnor algebra M(Y) has maximal rank property, hence, by the genericity assumption of f , the multiplication map
has maximal rank. Moreover, by the assumption, we have
so the multiplication map (× f ) is injective (cf. Remark 2.5). It follows that g = 0 in M(Y), or equivalently, the polynomial g is contained in the Jacobian ideal of Y. Therefore there exist some homogeneous polynomials g i 's of degree t − d + 1 such that
This yields
We denote by σ ′ ∈ H 0 (P n+1 , T P n+1 (t)) the global section defined by
.
Hence the restriction map
STABILITY AND EFFECTIVE RESTRICTION WITH INVARIANT PICARD GROUP
This section is devoted to study the stability of tangent bundles of smooth complete intersections in Hermitian symmetric spaces. As mentioned in the introduction, this problem was studied by Peternell and Wiśniewski in [PW95] in the projective spaces case. Moreover, we will also consider the effective restriction problem for tangent bundles.
5.A. Vanishing theorem and stability of tangent bundles.
We start with an observation whose statement was suggested by the referee. It is very useful when we consider the cohomologies of smooth complete intersections in some projective manifolds with many cohomological vanishings. 
Proof. Let us denote by
Clearly we have 1 ≤ s ≤ r + 1 and we are in Case (2) if s = 1. Now we assume that s ≥ 2. Then, for any j ∈ N such that 0 ≤ j + k ≤ p − 1, we have
The restriction over Y of the conormal sequence of
induces an exact sequence of vector bundles
Then (5.1) shows that for any j ∈ N such that 0 ≤ j + k ≤ p − 1, the induced map
is injective. Then the assumption
This completes the proof. 
Moreover, for any 1 ≤ j ≤ r, the vector bundle ∧ j E splits into a direct sum of line bundles as
Proof of (1) . As H q (Y, Ω p Y ) = 0, thanks to Lemma 5.1, there exist integers j 1 , . . . , j r ∈ N such that 0 ≤ k ≤ p − 1 where k = j 1 + · · · + j r and such that we have either
for some 2 ≤ s ≤ r + 1. Note that since we have 
As q + j + p ≤ n + r − 1 by assumption, then the Azizuki-Nakano vanishing theorem implies
, we obtain
Equivalently, we have H q (M, Ω p M ) = 0, and it follows that p = q. Proof of (2) .
1st Case. (5.5) holds. In this case, the second quadrant spectral sequence associated to the complex (5.2) twisting with
As q + j + p ≤ n + r − 1, the Akizuki-Nakano vanishing theorem shows that we have
If the equality in (5.7) holds for all d ij , by Theorem 1.3 (1), we get q + k + j = p − k. As a consequence,
If the inequality (5.7) is strict for some d ij , we can apply
Since r Y ≤ n − 2r, it is easy to see r M /(n + r) > r Y /n, and we get the desired inequality.
2nd Case. (5.6) holds.
Remark.
In view of our proof of Theorem 1.3 (1), we see that it holds even without the assumption d i ≥ 2. However, in the proof of Theorem 1.3 (2), the assumption d i ≥ 2 is necessary. 
Proof. The "only if" implication follows from the definition of stability. Now we assume H 0 (X, T Y (t)| X ) = 0 for any t ≤ −r Y /n. Note that T Y | X is stable if and only if Ω 1 Y | X is stable. Let F be a proper subsheaf of Ω 1 Y | X of rank p. After replacing F by its saturation in Ω 1 Y | X , we may assume that F is saturated. We denote by ℓ the unique integer such that det(F ) = O X (−ℓ). Then, by assumption, we get
To prove the stability of Ω 1 Y | X , it suffices to show that the following inequality 3 (1) . As a consequence, we get
Hence the inequality (5.8) still holds in this case. 2nd Case. p = n − 1. We denote by Q the quotient Ω 1 Y | X /F . Since F is saturated, the quotient Q is a torsion-free coherent sheaf of rank one such that
By our assumption, we get ℓ − r Y > −r Y /n. As a consequence, we get
We have thus proved the proposition.
As an application of Proposition 5.3, we can derive Theorem 1.8 by the nonexistence of global twisted vector fields.
Proof of Theorem 1.8. Let X be a projective manifold of dimension N ≥ 2, and let L be an ample line bundle. Recall that H 0 (X, T X ⊗ L −1 ) = 0 if and only if X ∼ = P N and L ∼ = O P N (1) (cf. [Wah83] ). In particular, if M is not isomorphic to a projective space, then we have H 0 (M, T M (t)) = 0 for any integer t < 0.
Proof of (1) . Under our assumption, by Theorem 4.2, the natural restriction map
is surjective for all t ∈ Z. In particular, we have
As Y is Fano, we have r Y > 0 and we conclude by Proposition 5.3. Proof of (2) . By Theorem 4.3, the natural restriction map ρ t : 
Since M is not isomorphic to any smooth quadric hypersurface, by Theorem 4.2, the natural restriction map
However, since X is general and d > d j + t for any 1 ≤ j ≤ r by our assumption, we get β j (t)( σ| Y ) = 0 for any 1 ≤ j ≤ r. Therefore we have σ| 
Hence, we obtain σ| Y = 0 and consequently σ = 0.
Though the statements (2), (3) and (4) in the theorem are not optimal, they have the advantage to give a lower bound which is quite easy to compute. The next theorem deals with the case in which Y is a general smooth hypersurface of P n+1 . The proof of this theorem can be completed by combining Theorem 4.4 and the method analogous to that used above.
Proof of Theorem 1.9. If Y is isomorphic to either P n or Q n , it follows from [BCM15, Theorem A]. So we shall assume that Y is a general smooth hypersurface defined by a homogeneous polynomial h of degree d h ≥ 3. By Proposition 5.3, it is enough to prove that
is surjective for t ≤ −r Y /n. The theorem is now a direct consequence of the stability of T Y .
In Theorem 1.9, if Y is an arbitrary smooth hypersurface, then the argument above does not work, since the strong Lefschetz property (SLP) of Milnor algebras of smooth hypersurfaces is still open.
HYPERPLANE OF CUBIC THREEFOLDS
In this section, we consider the case where the map Pic(Y) → Pic(X) is not surjective. By Noether-Lefschetz theorem mentioned in the introduction, this happens if X is a quadric section of a quadric threefold Q 3 , or X is a quadric surface in P 3 , or X is a cubic surface in P 3 . In these cases, X is always a del Pezzo surface, i.e., the anti-canonical divisor −K X is ample. 6.A. Projective one forms. We denote by π : S r → P 2 the surface obtained by blowing-up P 2 at r(≤ 8) points p 1 , . . . , p r in general position and denote by E j the exceptional divisor over p j . Then S r is a del Pezzo surface with degree K 2 S = 9 − r. It is well-known that the cotangent bundle Ω 1 S r is stable with respect to the anti-canonical polarization −K S r for r ≥ 2 (cf. [Fah89] ). There is a one-to-one correspondence between the saturated rank one subsheaves of Ω 1 S r and the global sections of Ω 1 P 2 (a) which vanish only in codimension two. The global sections of Ω 1 P 2 (a) are usually called projective one forms. In the following we give a brief description of this correspondence and we refer the reader to [Fah89] for further details.
On one hand, let L be a saturated rank one subsheaf of the cotangent bundle of
for some integers a, b j ∈ Z, where E 0 is the pull-back of a line in P 2 . The global section of Ω 1 P 2 (a) associated to L is defined by the following map
On the other hand, let ω ∈ H 0 (P 2 , Ω 1 P 2 (a)) be a global section vanishing only in codimension two. Then ω can be identified with a rational global section of Ω 1 P 2 with pole supported on a line T. Let E 0 be the pull-back of T by π. Then π * ω is a global section of Ω 1
S r
⊗ O S r (aE 0 ). Let div(π * ω) be the divisor defined by the zeros of π * ω. The saturated rank one subsheaf associated to ω is defined to the image of the induced morphism O S r (−aE 0 + div(π * ω)) → Ω 1 S r . 6.1. Example. We recall several examples given in [Fah89] . In order to prove Theorem 1.10, we need the following lemma due to Fahlaoui.
6.B. Subsheaves of cotangent bundles of cubic surfaces. A cubic surface S ⊂ P 3 is a blow-up π : S → P 2 of six points p j on P 2 in general position. The exceptional divisor π −1 (p j ) is denoted by E j . Let K S be the canonical divisor of S and E 0 the pull-back of a line in P 2 . Then we have
where H ∈ |O P 3 (1)| is a hyperplane in P 3 . Let us recall the following well-known classical result of cubic surfaces.
• There are exactly 27 lines lying over a cubic surface: the exceptional divisors E j above the six blown up points p j , the proper transforms of the fifteen lines in P 2 which join two of the blown up points p j , and the proper transforms of the six conics in P 2 which contain all but one of the blown up points.
The following result gives an upper bound for the degree of the saturated subsheaves of Ω 1 S . Step 1. We will show b j ≥ −2 for all 1 ≤ j ≤ 6. There exist some π-exceptional effective divisors ∑ Since the exceptional divisor E i is a line on S and −K S ∼ H| X for some hyperplane H ⊂ P 3 , we have Bs | − K S − E i | ⊂ E i . Moreover, since C ′ i does not contain E i , we obtain
6
(6.2)
Combining (6.1) and (6.2) gives
Since i is arbitrary, we deduce that b i ≥ −2 for i = 1, . . . , 6.
Step 2. We show b j ≤ −1 for all 1 ≤ j ≤ 6 and ∑ Let C 1ℓ be a component of C 1 . Since Bs| − K S − E 1 | ⊂ E 1 and C 1 does not contain E 1 , we have (−K S − E 1 ) · C 1ℓ ≥ 0. Then the equality (6.4) implies (−K S − E 1 ) · C 1ℓ = 0. Therefore, C 1ℓ is actually a plane curve and there exists a plane H ℓ ⊂ P 3 such that C 1ℓ + E 1 ≤ H ℓ | S . In particular, we have
On the other hand, as −K S · C 1 = 3, it follows easily that there exists at least one component of C 1 , denoted by C 11 , such that −K S · C 11 = 1. In particular, C 11 is a line on S. However, C 11 is not π-exceptional, so the line C 11 passes at least two π-exceptional divisors, and it follows that there exists some j (≥ 2) such that
Hence we obtain ∑ 6 j=1 b j ≤ −8. 
we obtain either h 0 (X, Ω 1 X (−1) ⊗ det(F ) * ) ≥ 1 or h 0 (X, O X (K X ) ⊗ det(F ) * ) ≥ 1. In the former case, the stability of Ω 1 X implies
